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1. INTRODUCTION 
In this paper we study the growth near the origin of C2 positive 
solutions u(s) of 
af(u, < -du<bf(u) in L.2 (1.1) 
(or more generally of 
-du>f(u) in Sz), (1.2) 
where Qc F!” is a punctured neighborhood of the origin, u and h are 
positive constants, and J (0, oz) + (0, co) is a continuous function. We will 
pay special attention to the case f(u) = e” when n = 2 and the case 
f(u) =p+m-2) when n 2 3. These cases correspond to conformal 
curvature problems in geometry. 
We are concerned with the 
QUESTION. Fur whut choices of u, b, .L and Q can ( 1.1) ( OY ( 1.2)) lzaue 
positive solutions which m-e urbilrurily [urge neur the origin? 
With regard to this question we say ( 1 .l ) (or ( 1.2)) has positive solutions 
which are arbitrarily large near the origin, if for each continuous function 
VP: (0, 1) + (0, XI) there exists a C2 positive solution U(X) such that 
~(x-)#a~P(Ix.I)) as IsI -+ O+. 
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Our main results are 
(i) If u and h are positive constants with b/u > 24fln-2) then the 
problem 
cIuh+*)/(“--2) < -Au < bU(n+*)/(n-*) in W- {O}(n>3) 
has positive solutions which are arbitrarily large near the origin. 
(ii) IfJ (0, co) + (0, co) is a continuous function then there exists a 
punctured neighborhood Q of the origin in R” (n > 2) such that ( 1.2) has 
positive solutions which are arbirtarily large near the origin. 
(iii) If u(x) is a C* positive solution of 
u&‘-c -Adu<be” (1.3) 
in some punctured neighborhood of the origin in R* where u and b are 
positive constants then 
1 
u(x)=m logM+O(l) as 1x1 + 0+ 
for some constant m 15 [0,2). 
In Theorems 14 in Sections 2 and 3 we give more detailed statements 
of these results. An interesting open question is whether the condition on 
b/u in (i) is best possible. In this regard we make the 
Conjecture. If u(x) is a C* positive solution of 
in some punctured neighborhood of the origin in R”(n 2 3) where a and b 
are positive constants with b/u < 24’@-2) then 
u(x) = O( IxI-(n-2)‘2) as IsI + O+. 
Caffarelli, Gidas, and Spruck [CGS] have shown that our Conjecture is 
true when K(s) := - Au(s)/u(x-)‘“+z)‘(“-*) is constant in a punctured 
neighborhood of x = 0 and their results have been extended by Chen and 
Lin [CL] to the case that K(x) is continuous at x= 0 or possibly even 
required to be sufficiently smooth and not too flat, at x =O. However we 
are aware of no previous results for our Conjecture when K(s) is not 
continuous at s = 0. 
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With regard to our result (iii), we point out that Brezis and Merle [BM, 
Corollary 83 have shown that it is not the case that (1.3) has positive 
solutions which are arbitrarily large near the origin. 
2. THREE AND HIGHER DIMENSIONAL RESULTS 
In this section we state and prove Theorems 1 and 2 which are our main 
results for problems ( 1.1) and ( 1.2) respectively when n > 3. 




where n* = (n + 2)/(n - 2). Then for each continuous function cp: (0, 1 ) + 
(0, a~) there exists a C* positive solution u(x) of 
a& < - Au < bun* in VP-{0} (2.2) 
satisfying 
4x) z O(cp( l-4 1) as (xl +O+. (2.3) 
Remark. It can be shown using fairly standard methods (see [ CGS, 
Lemma 2.11 ) that if u is as in Theorem 1 then u”* is integrable in some 
neighborhood of the origin and (2.2) holds in 9’( H”). 
Proof of Theorem 1. By scaling x or u we can assume that b = 1. By 
(2.1) we can choose E > 0 such that 
1 
a<(1 +E)n*p*-l. 
For A>0 and r>,O let 
v( r, 1) = 
aJ’” - 2v-2 
(~*+r*)(n-*Z)R’ where a = [ n(n - 2)](“-*)‘*. (2.5) 
It is well known and easy to check that VV(X) = v( (xl, A) satisfies 
Aw + no”* = 0 in KY for each 1> 0. Also for each rl > 0, v( r, A) and v,( r, ,I) 
both tend uniformly on rI < r < CYJ to zero as ,4 -+ O+. 
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Let cp: (0, 1) + (0, co) be a continuous function. Let { Mk} k”p i be a 
positive sequence such that 
as k+oo. (2.6) 




For k = 1, 2, . . . . let 
I*=(&,0 )..., 0)ER” and r&=&$-J 
Some elementary calculations show that for each positive integer k we have 
lim sup 
~(l---kl,4 o 
1-o+ Ix--xkl>rl, q)(x) = . 
Thus for each positive integer k there exists &> 0 such that 
u&(x) := u( Ix-xkl, 2,) satisfies 
-AU,= U;* in R” (2.8) 
for lX--ykl > r& (2.9) 
and 
U&(X&) > M,. (2.10) 
Clearly C,“=, uk converges uniformly on compact subsets of R” - { 0} to 
some positive continuous function 2.4: R” - { 0} + IR. It follows from 
standard elliptic theory and (2.8) and (2.9) that u E C2( R” - { 0) ) and 
-Au= g u;*<u”* in W-(O). (2.11) 
k=O 
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Also by (2.10) 
as k+m 
because of (2.6). Thus (2.3) holds. 
Let x E 08” - { 0) be fixed. To complete the proof of Theorem 1 it suffices 
to show 
- du( x) > ml(x)“*. (2.12) 
To do this we consider two cases. 
Case I. Suppose X$ IJkQI=, B,(.u~). Then by (2.9) and (2.7) we have 
U(x)“* < (u,(x) +&UO(X))“* 
<(l +&)“*( -Au(x)) 
by (2.11). It therefore follows from (2.4) that (2.12) holds. 
CUX II. Suppose XEB,JX~~) for some positive integer k,. Then 
uk(x) <ekuO(x) for kg {k,, 0). So by (2.7) 
<(I +&)“*(U~(X)+Uk,(X))“’ 
<( 1+&)“*2n*-’ (f$,( dy)n* + Lfk,( x)“‘) 
G( 1 +&)“* 2”*-1( -AU(X)) 
and we again obtain (2.12). 1 
THEOREM 2. Let .f: (0, 00) + (0, 00) he a continuous,function. Then there 
exists a punctured neighborhood 12 of the origin in R”(n > 3) such that for 
each continuous function cp: (0, 1) + (0, co) there exists a C2 positive solu- 
tion of 
-Au> f(u) in Q 
satisfJTing 
~(x)+~(~(l-4)) as 1x1 -to+. (2.13) 
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Proof Let sO, sr , and E be fixed positive real numbers such that 
(1 +E)S&S1. (2.14) 
Define 
.f(QA 0 < s < sg 
F(s) = 
max J(P), S,<S<CO. SoSP4S 
Then F: (0, 03) + (0, co) is continuous and increasing and 
f’(.~) z-f(s) for sas,. (2.15) 
Choose s2 > 0 such that F(s, + s2) - F(s,) -E = 0. If no such s2 exists, take 






+ 1, s,<s<m 
P 
and 
g(s) = s”‘h(s), (2.16) 
where II* = (n + 2)/(n - 2). Clearly 
F(s,+s)<F(s,)+~+g(s) for s > 0. (2.17) 
Let a and u( r, A) be as defined in (2.5). Since h(s) is increasing, there 
exists for each i, > 0 a unique positive solution p = /?(A) of 
and p(A) is increasing for A > 0. Let 
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for otherwise for some positive sequence 1, + 0 and some B > 0 we would 
have 




b(Ak) -+ 0 as k-+m. (2.21) 
But on the other hand it follows from (2.18) and (2.20) that 
which contradicts (2.21) and thus proves (2.19). Also by (2.16), we have 




g(d I49 2)) 
=~(n)“‘-‘h(lv(Ixl, 1)) 
2 g(4 I-4 JL)) p(l)“‘-’ h(IV(0, A)) 
= go4 I.$ A)) 
by (2.18). 
Let 
Sl uo(x) =-- 
l+& 
y;+& 1x12, .K E R”. 
(2.22) 
(2.23) 
By (2.14) we can choose r0 > 0 such that 
Sl s,<u,(x)<- 
l+e 
for 1.~1 < rO. (2.24) 
Let cp: (0, 1) -$ (0, co) be a continuous function and let { Mk} p=, be a 
positive sequence such that 
as k+m. (2.25) 
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Let { sk} F= r c (0, 1) be a sequence such that 




It follows from (2.19) that for each positive integer k we can choose 
& E (0, 1) such that 
ldo, A,) > Mk 
and 
dr, &) < &k for rark:=i- 1 
-vrtr7 Ak) <&k 2k 2k+l’ 
For XE KY, let 
and 
u/e(x) = v( Ix - xkl, &) 
U&y) = I’“( Ix-xkI, A,), 
where sk = ( 1/2k, 0, . . . . 0). Then for k = 1,2, . . . . we have /3(n,) < p( 1), 
and 
in R” (2.27) 
for IX-xkl > rk (2.28 
uk(xk ‘) > Mk. (2.29 
Clearly Cp=,, uk converges uniformly on compact subsets of R” - { 0} to 
some positive continuous function u: R” - { 0} + R. It follows from 
standard elliptic theory and (2.27), (2.28), and (2.23) that u E C2( R” - { 0} ) 
and 
-h=&,)+&+ f j&v;* in R”- (0). 
k=l 
Also from (2.29) and (2.25) we obtain (2.13). 
Let x E B,,( 0) - { 0} be fixed. To complete the proof of Theorem 2 it suf- 
fices to show - du( x) > f( u(x)). We assume x E BrkO’(xko) for some positive 
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integer k0 and omit the case that x +! (J,“= , B,k(xk) which is similar but 
simpler. Then u,(x) c /I( 1 )ek for k 4 { 0. k,} and thus by (2.26), (2.24), and 
(2.15) we have 
f(4.xl) Gez4,y)) 
~F(zl,(s)+zlko(S)+&UO(S)) 
< F(s, + u&s)) 
~m)+~+gh&h by (2.17) 
< -Au,(s) - Auk&Y), by (2.23) and (2.22) 
< -Au(s). 1 
Remark. AS the following lemma shows, the requirement in Theorem 2 
that Q depend on f is necessary. 
LEMMA 1. Suppose 
-du>,.f(z1), 0 < ISJ < I’0 (2.30) 
Am (I C2 positive solution where r0 is CI positive conslunt mri J (0, m ) + 
(0, aj) is n confinuous function sz~h thrrt ,f’( u) 2 uu ,for II > 0. Tlten u < C 
where C = C( rO, n) is a positive constunt. 
ProqJ: Let R = {s E R” : brO < 1x1 < arO}. Let i,, be the first eigenvalue 
for 
- LIIV = h, in .Q 
II' = 0, on ac2 
and let IL', (s) be a corresponding positive eigenfunction. Let U(X) be a C2 
positive solution of (2.30). Then 




= II', Au 
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3. TWO DIMENSIONAL RESULTS 
In this section we state and prove Theorems 3 and 4 which are our main 
results for problems ( 1.1) and ( 1.2) respectively, when n = 2. Theorem 4 is 
the two dimensional analog of Theorem 2. However, the proof of Theorem 
4 is different and harder than the proof of Theorem 2 because in two 
dimensions there is no one parameter family of positive functions 
analogous to the one parameter family of positive functions U(T, 1) given by 
Eq. (2.5). 
THEOREM 3. Suppose u < h ure positive constunts and u(x) is u C2 
positive solution of 
ae” < -Au < be” 
in some punctured neighborhood Q qf the origin in R2. Then either 
1 
u(x) =m log m+ 0( 1) as 1x1+0+ (3.1) 
for some constunt 111 E(0, 2) or u has a C’ extension to 52 u { 0} and u(O) > 0. 
For the proof of Theorem 3, we will need the following two lemmas. 
LEMMA 2. Suppose that v is harmonic in some punctured neighborhood D 
of‘ the origin in R2 and thut 
I ,*, <e Iv(-v)l dx = o(E) 
us &+O+. (3.2) 
Then there is a constant /I such that 
1 
4x)-P log m 
has u hurn~onic extension to Q v { 0) _ 
Proof: Since v is harmonic in a, there exist constants p and b such that 
fi(r)=p log i+b for small r > 0, (3.3) 
where t7( r) is the average of v on the circle 1x1= r. Let 1’: Iw + [0, l] be a 
C” decreasing function such that y(s) = 1 for s < 4 and y(s) = 0 for s >, 1. 
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For E>O define tie: lR2 + [0, 1] by I//,(~)=y([sl/~). Let q~Cgm(SZu (0)) 
and $5(x-) = q(x) - q(O). Then for small E > 0, 
j (U-P b+b)Arp=j- (U-P b+,--h [4~~,)+4~(l-~,))l > 
N 
1 
= v-P@ j-q-b A(cptie) 
> 
= 1, (8) + v(O) IZ(EL (3.4) 
where 
and 
Since max,,,,, IA(@$,)I = 0( l/t) it follows from (3.2) that II(&) --f 0 as 
E + O+. Also, since I/I, is radial about the origin it follows from (3.3) that 
12(&) = 0 for small E > 0. Hence letting E + O+ in (3.4) completes the proof 
of Lemma 2. m 
LEMMA 3. Let u(s) be a C2 nonnegative solution of 
Au+f(x)=O in d (3.5) 
where 52 is a punctured neighborhood qj’ the origin in R* and j! Q -+ [ 0, co ) 
is a continuous function. Let B,, (0) c R v { 0). Then j; u E L’ (B,, (0)) and for 
some nonnegative conslant m which is independent of r, and some continuous 
function u,, : B,, (0) -+ R which is harmonic in B,, (0) we have 
u(x)=u,(x)+u,(x)+u~(x) for XEB,,(O)-{0}, (3.6) 
where 
1 
4.(x) =m log m 
and 
u,(x) =& J ( 
2r, 
IYI <rl 
log ,*- ],, J-(Y) 4. 
> 
(3.7) 
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Moreover 
eU=E LP(B,,(0)) .fbr ull p> 1. (3.8) 
For some three-dimensional results similar to Lemma 3 see [CGS, 
Lemma 2.1; L, Sect. 21. 
Proof of Lemma 3. Averaging (3.5), and integrating the resulting ODE 
we get 
d(r)=r,ti’(rl)+& jr,,,,,,, J‘(X) dx for O<r<r,, (3.9) 
where U(r) is the average of u on the circle 1x1 = r. Thus f E L’ (B,, (0)) for 
otherwise there exists r0 E (0, rl) such that the right side of (3.9) is larger 
than one for 0 < r < r0 and hence 
ti(r,)-u(r)>logr,-logr+cc as r+O+ 
which contradicts the fact that II > 0 in Q. It follows easily from (3.9) that 
rU’(r)= -m+o(l) 
zi(r) as r--to+, (3.10) 
-=m+o(l) 
log l/l ‘r 
where -m is the value of the right side of (3.9) at r = 0. By (3.10) the con- 




udx=O E2 log i 
( > 
as E-O+ (3.11) 
and thus u~L’(ll,,(O)). 
Define II,: R2 +R! by (3.7). Then ~,EC’([W~-{O})~L’(B,,(O)) and 
-Au,= f in g’(B,(O)). 
Also, using the identity 
it is fairly straightforward to show 
U,(r)=0 log: 
( > 
as r+Q+ (3.12) 
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where U,(r) is the average of U, on the circle 1x1 = I’. Thus by (3.11), 
as E-O+. 
So by Lemma 2, we have 
(3.13) 
for some constant p and some function u,, which is harmonic in B,, (0). 
Since the left side of (3.13) is continuous for Ix] = rr, we can extend u,, to 
a continuous function on B,, (0) and (3.13) will hold in B,, (0) - { 0). Also 
averaging (3.13) and using (3.10) and (3.12) we see that b=m. 
Finally (3.8) can be proved by using methods introduced by Brezis and 
Merle [ BM] to prove their Corollary 1. 1 
Proof qf Theorem 3. Let f(x) = - du( s) for .X E Q. Then u and j’ satisfy 
the conditions of Lemma 3. Let B,,(O) c R u { 0). Then (3.6) holds and 
hence for some E > 0 we have 
.f(x)>ae”>~ IxJ-~ for O< IsI Qr,. 
Thus, since f~ L’ (B,, (0)) and tn 2 0 we obtain 
0 < in < 2. 
Also for some M > 0 we have 
(3.14) 
f(x) 4 be” Q Me”= 1x1 -m for O<]x]Qr,. 
It follows therefore from (3.14), (3.8), and Holder’s inequality that 
f~L~(B,,(O))forsomeq>l.Henceu,isboundedon B,,(O)andthus(3.1) 
holds. Moreover, if III = 0 then II and hencef’is bounded in a neighborhood 
of the origin. Thus u, and hence u has a C’ extension to Q u {O}. Also 
u(0) > 0 by the maximum principle. 1 
THEOREM 4. Let f: (0, 03) + (0, 03) be a continuous.finction. Then there 
exists u punctured neighborhood R of the origin in R2 such that ,for each con- 
tinuous function rp: (0, 1) + (0, a3 ) there exists u C2 positive solution qf 
-du>f(u) in Q 
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satisfying 
u(x) z O(q4l.4)) as 1x1 +O+. (3.15) 
Remark. As Lemma 1 shows, the requirement in Theorem 4 that Q 
depend on f’ is necessary. 
Theorem 4 will follow easily from 
LEMMA 4. Let F: [0, 03) -+ ( 1, a) be an increasing ftrnction which is 
Lipschitz continuous on every finite subinterval of [0, CG). Then there exists 
R E (0, l/2] such that jtir each continuous function cp: (0, 1) + (0, rn) there 
esists a positive ,fiinction g E Lip,,,( BR( 0) - { 0) ) n L’ ( BR(0)) satisfying 
g(*v) a U(b)(x)) .f?w 0 < 1x1 -=z R (3.16) 
and 
(%)(~~)#0(40(I-d)) as [XI + 0+ (3.17) 
lvhere 
is the Newtonian potential qf g in BR(0). 
We will first use Lemma 4 to prove Theorem 4 and then we will prove 
Lemma 4. 
Proqf CI~ Theorem 4. Let F: [ 0, co) + ( 1, co) be any increasing function 
which is Lipschitz continuous on every finite subinterval of [0, co) and 
which satisfies 
F(s)al+f(l+s) for s-20. 
For example such a function F is given by 
F(s)=a,+, +(a,+2-a,+,)(s-n) for n<s<n+l 
where 3 
a,=1 +o~;~,f(l+i) for n = 1, 2, . . . . 
. . 
Let RE(O, l/2] be as in Lemma 4 and let Q=B,(O)-(0). Let 40: 
(0, 1) + (0, co ) be a continuous function. Then by ‘Lemma 4 there exists a 
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positive function g E Lip,,(Q) n L’ (8) satisfying (3.16) and (3.17). Thus, 
letting II = 1 + Ng we have u E C2 (Q) and 
-du=g>:(Ng)kl +.f(l +Ng)>.flu) in R 
and (3.15) holds by (3.17). 1 
Proof of Lermw 4. Let R = 1 /22”o-’ where Q, is a positive integer such 
that 
4F(3)R2 log f< 1. (3.18) 
Let (D: (0. 1) -+ (0, 00) be a continuous function. For each integer n 2 11~ let 
s”=(2-2”,0)ER2 and 
1 I’ =- 
n 22n+l. 




n-cc d2 1 
Next, for each I?>, tro choose 
L,E(O, 1) (3.21 ) 
such that 






F( 2 + K,)’ m -4n’La < 2 -4n 
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Also, since 
$log$=K, for nan, 
” 
we have by (3.23) and (3.19) that 
F( 4K,) < exp y<exp(F-%) 
47tK, 










for -YEA, and kfnan,, 
where A, = {s E Rz : Y, < 1.~1 d4r,] we have 
Lk 1 L 
Tjg 1% <k 2x+- 7ciq-2“ 
for XEA, and k#n>,n, 
and 
.+ 22k+’ for SE A, and k#nan,. 
Thus by (3.22) the functions S,: A, + R, n > no, defined by 
S”(S) =
are each continuously differentiable and 
S,(s) < 1 for -YEA,,. + (3.27) 
44 STEVEN D. TALIAFERRO 
Hence by (3.25), (3.19), and (3.26) we have 




For each II > n, choose C, E (/I,, r,) such that 
For rz>,n, and XEB,(O)- {0} let 
XEB/JX”) 
elsewhere in BR( 0) - { 0) 
SE c Bhk(xk) 
k=no 
m  Lk 1 
l+ ,g, 2n log Ix - Sk1 ’ 
elsewhere in B,JO) - (01 
g,(x) = O3 XE ij B,(xk) k=n, 
(Y(X), elsewhere in BR( 0) - { 0) 
Y”(X) = i 
Ix-xX”I--1, ),(K)+f”-Ix-x”I 
P,-11” _ P,-11, 
g,(x”L h,< Ix-xnJ <P” 
(0, elsewhere in BR( 0) - { 0} 
and 
g(x) =g,b) + f Y,(-y)+ f g,(x). 
tl=flg “=“O 
Then since S, for n 2 n, is continuously differentiable we have g: BR(0) - 
IO} + (0, co) is continuous and locally Lipschitz continuous. 
We now prove that 
(~&l)(x) G f for O<lxl bR (3.30) 
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and 
for O<lxl<R and n>n,-,. (3.31) 
For 1s - xnl > /~fi’“n we have 
1 2 log ~ L 1 
Ix-xnl %kJOg~=l 
by (3.25). Thus for x E A, - B,p(x”), where n 2 n,, it follows from (3.27) 
that y(s) < F( 3). Hence 
s A --B ,,K”(~) l’(X)*CI.YGF(3)* IAnI for nan,. n h” 
Using (3.25) and (3.27) we find that 
y(x) G F(2 + K,) for XEA,,-B,,(x”) and n>n,. 
Thus, letting Q, = {x E A, : h, G Ix - x”I < /zA’“n} we have 
by (3.24). Thus 
y(.+ix<F(2 +KJ2 7rh;‘“n 
n 
=F(2 +K,)* 7rem4”lL- 
<2-4” for nan, 
I”:=J y(x)%<F(3)2 IA”I +2-4n for nan, 
an-B,&(y) 
and so 
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Hence for XE R2 we have 
24&h,(x) < 2a(Ny)(s) 
= J ( 1% 1 l’(Y) & IYI <R Is _ y, 
qcn (logj+)i4~)‘~(~,y,<R Ylr,‘q2 
<(5rrR2 (log~)I)ln(2F(3)2nR’)112, because R<i 
<4nF(3)R2 log f 
by (3.18). So we have proved (3.30). 
To prove (3.3 1) first note that 
y(s) <g,(s”) for SEA, 
by (3.28). Hence 
y(s) Gyn(x) <g,(-u”) for /I,<(,~-s”J </,. (3.32) 
Thus for .Y E R2 
by (3.29). So we have proved ( 3.31). 
Since 
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we have for x E A, - B,,,( x”) that 
e(e)(x)) =F (&h)(x) + f (&k)(X) + f 
( 
(&k)(X) 
k=no k=n, > 
< y(x), by (3.30) and (3.31) 
for h,< Ix-xx.“I -c/, 
for Ix-.x”I a(, 
by (3.32) 
= g(x). 
Also for x E Bh,( x”) we have 
F((ivg)(x))<F 1++ log $+s.(x)) 
” 
<g,(-v) by (3.28) 
= g(x). 
Thus (3.16) holds. 
Finally it follows from (3.20), (3.25), and (3.33) that 
. (Q)(x”) k!! cp( Ix”l) = m 
and thus (3.17) holds. 1 
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